Alberta Thy 10-05 
PACS numbers: 04.50.+h, 98.80.Cq 

July 2005 



Integrability of Particle Motion and Scalar Field Propagation in 
Kerr-(Anti) de Sitter Black Hole Spacetimes in All Dimensions 

Muraari Vasudevan* and Kory A. Stevens^^ 

* Theoretical Physics Institute, University of Alberta, 
Edmonton, Alberta T6G 2J1, Canada 
E-mail: mvasudevOphys . ualberta . ca 
^ Department of Physics and Astronomy, University of British Columbia, 
Vancouver, British Columbia V6T IZl, Canada 
E-mail: kstevensOphas . ubc . ca 



ABSTRACT 

We study the Hamilton-Jacobi and massive Klein-Gordon equations in the general Kerr- 
(Anti) de Sitter black hole background in all dimensions. Complete separation of both equa- 
tions is carried out in cases when there are two sets of equal black hole rotation parameters. 
We analyze explicitly the symmetry properties of these backgrounds that allow for this Li- 
ouville integrability and construct a nontrivial irreducible Killing tensor associated with the 
enlarged symmetry group which permits separation. We also derive first-order equations 
of motion for particles in these backgrounds and examine some of their properties. This 
work greatly generalizes previously known results for both the Myers-Perry metrics, and 
the Kerr-(Anti) de Sitter metrics in higher dimensions. 



1 Introduction 



A number of recent developments in high energy physics have generated great interest in 
vacuum solutions of Einstein equations describing higher dimensional black holes, and the 
properties of these spacetimes. Models of spacetimes with large extra dimensions have been 
proposed to deal with several questions arising in modern particle phenomenology (e.g. the 
hierarchy problem) [1-3]. Higher dimensional black hole solutions arise naturally in such 
models. These models are also of interest in the context of mini-black hole production in high 
energy particle colliders, which would provide a window into non-perturbative gravitational 
physics [4,5]. 

Superstring and M-theory also naturally give rise to higher dimensional black holes in 
their 10 or 11 dimensional ambient spacetimes. P-branes present in these theories can also 
support black holes, thereby making black hole solutions in an intermediate number of di- 
mensions physically interesting as well. Solitonic objects in superstring theory frequently 
find a natural description in terms of higher dimensional black holes. They provide impor- 
tant keys to understanding strongly coupled non-perturbative phenomena which cannot be 
ignored at the Planck/string scale [6,7]. 

The Kerr metric describes astrophysically relevant black hole spacetimes, to a very good 
approximation [8]. One generalization of the Kerr metric to higher dimensions is given by 
the Myers- Perry construction [9]. With interest now in a nonzero cosmological constant, 
it is worth studying spacetimes describing rotating black holes with a cosmological con- 
stant. Another motivation for including a cosmological constant is driven by the AdS/CFT 
correspondence. The study of black holes in an Anti-de Sitter background could give rise 
to interesting descriptions in terms of the conformal field theory on the boundary leading 
to better understanding of the correspondence [10, 11]. The general Kerr-de Sitter met- 
rics describing rotating black holes in the presence of a cosmological constant have been 
constructed explicitly in [12,13]. 

There is also a very strong need to understand the structure of geodesies in the back- 
ground of black holes in Anti-de Sitter backgrounds in the context of string theory and the 
AdS/CFT correspondence. This is due to the recent work in exploring black hole singularity 
structure using geodesies and correlators on the dual CFT on the boundary [14-19]. 

In this paper we study the separability of the Hamilton-Jacobi equation in these space- 
times, which can be used to describe the motion of classical massive and massless particles 
(including photons) . We also investigate the separability of the Klein-Gordon equation de- 
scribing a massive scalar field propagating in this background. We explicitly perform the 



2 



separation in the case where there are only two sets of equal rotation parameters describing 
the black hole. We use this explicit separation to obtain first-order equations of motion for 
both massive and massless particles in these backgrounds. The equations are obtained in a 
form that could be used for numerical study, and also in the study of black hole singularity 
structure using geodesic probes and the AdS/CFT correspondence. 

We also study the Klein-Gordon equation describing the propagation of a massive scalar 
field in this spacetime. Separation is again explicitly shown for the case of two sets of equal 
black hole rotation parameters. We construct the separation of both equations explicitly in 
these cases. 

This paper greatly generalizes the results of [20,21] for the Myers-Perry metric in five 
dimensions, [22] which separates the equations in the case of equal rotation parameters in the 
odd dimensional Kerr-(A)dS spacetimes, and [23] which separates the equations in the case 
of two independent sets of rotation parameters in the Myers- Perry metrics in all dimensions, 
as well as some related results in five dimensional black hole spacetimes in [24,25]. 

Separation is possible for both equations in this case due to the existence of a second- 
order non-trivial irreducible Killing tensor. This is a generalization of the Killing tensor in 
the Kerr black hole spacetime in four dimensions constructed in [26] which was subsequently 
described by Chandrasekhar as the "miraculous property of the Kerr metric". A similar 
construction for the Myers-Perry metrics in higher dimensions has also been done [20, 
23]. The Killing tensor provides an additional integral of motion necessary for complete 
integrability. We also construct Killing vectors, which exist due to the additional symmetry, 
and which permit the separation of these equations. 

2 Construction and Overview of the Kerr-de Sitter Metrics 

One of the most useful properties of the Kerr metric is that it can be written in the Kerr- 
Schild [27] form, where the metric g^n is given exactly by its linear approximation around 
the flat metric rj^^ as follows: 

^ g^^dx^'dx'' = r]^^dx^dx'' + ^ {kf.dx^'f , (2.1) 

where is null and geodesic with respect to both the full metric g^y and the flat metric 

The Kerr-de Sitter metrics in all dimensions were obtained in [12] by using the de Sitter 
metric instead of the flat background r/^,/, with coordinates chosen appropriately to allow 
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for the incorporation of the Kerr metric via the null geodesic vectors k^. We quickly review 
the construction here. 

In D-dimensional spacetime, we introduce n = [D/2] coordinates ^i, where [i] denotes 
the integer part of i, subject to the constraint 

n 

E^? = l' (2-2) 

1=1 

together with N = [(D — l)/2] azimuthal angular coordinates (pi, the radial coordinate r, and 
the time coordinate t. When the total spacetime dimension D is odd, D = 2n + l = 2N + 1, 
there are n azimuthal coordinates (pi, each with period 27r. If D is even, D = 2n = 2N + 2, 
there are only N = n — 1 azimuthal coordinates cpi. Define e to be 1 for even D, and for 
odd D. 

The Kerr-de Sitter metric ds^ in D dimensional spacetime satisfies the Einstein equation 
with cosmological constant A: 

i?^, = (L»-1)A5^,. (2.3) 
Define functions W and F as follows: 

no 9 n 9 

1=1 * 1=1 * 

In D dimensions, the Kerr-de Sitter metrics are given by 



W^y^ F = — V (2 4) 

^ ^ 1 + Aar ^ - 1 _ Ar2 ^ r2 + a?' ^ ' 



ds'^ = df + ^{k^dx^'f , (2.5) 
where the de Sitter metric ds^, the null vector fc^, and the function U are now given by 

" 2 I 2 2 I 2 

^,-2 = _w{l- Xr')dt^ + Fdr' + y dfij + y fifd(P^ 

"^l + Xaj * -^l + Aa? * ' 

1=1 ' 1=1 ' 

_^ fX^ {r'^ + aj)liidiii \'^ 

t^(l-Ar2) \2-. i + Aa2 ) ' ^ ' 



n—e 2 

k.dx^" = Wdt + Fdr-Y '^'^J^ d^i, (2.7) 

n 2 n—e 

U = r^J:^Il(r' + a]). (2.8) 

i=l * j=l 

In the even-dimensional case, where there is no azimuthal coordinate (pn, there is also no 
associated rotation parameter; i.e., a„ = 0. Note that the null vector corresponding to the 
null one-form is 

1 d d tti d 

1=1 



This is easily obtained by using the background metric to raise and lower indices rather 
than the full metric, since k is null with respect to both metrics. 

For the purposes of analyzing the equations of motion and the Klein-Gordon equation, 
it is very convenient to work with the metric expressed in Boyer-Lindquist coordinates. In 
these coordinates there are no cross terms involving the differential dr. In both even and 
odd dimensions, the Boyer-Lindquist form is obtained by means of the following coordinate 
transformation: 

2M dr 2M a - dr 

^^ = ^"+ (l-Ar^)(y-2M) ' ^^- = ^^--^"-'^"+ (r^ + af)(y-2M) - ('•'"^ 

In Boyer-Lindquist coordinates in D dimensions, the Kerr-de Sitter metrics are given by 



i=l * 

1=1 * i=l * 



Wil-\r'^)\^ 1 + A 
where V is defined here by 



V^r^-\l-Xr')J{{r' + aj) = ^, (2.12) 



F 

1=1 



Note that obviously = in the even dimensional case, as there is no rotation associated 
with the last direction. 



3 Inverting the Kerr-(A)dS metric in all dimensions 

We briefly review the process of inversion of the metric using the Kerr-Schild formalism. 
More extensive details of this type of procedure can be found in [22,23]. This section will 
also help establish some useful notation and conventions for the rest of the paper. Note 
that the metric is block diagonal in the (/Xj) and the (r, r, Lpi) sectors and so can be inverted 
separately. 

To deal with the (r, r, sector, the most efficient method is to use the Kerr-Schild 
construction of the metric. From (|2.H) and using the fact that k is null, we can write 

(3.1) 
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where rj here is the de Sitter metric rather than the flat metric, and we raise and lower 
indices with rj. Since the null vector k has no components in the sector, we can regard 
the above equation as holding true in the {r,T,(pi) sector with k null here as well. Then 
we can explicitly perform the coordinate transformation 1)2. 1U() (or rather its inverse) on 
the raised metric to obtain the components of g^'^ in Boyer-Lindquist coordinates in the 
(r, T, ipi) sector. 

We get the following components for the (r, r, ipi) sector of g'^'^: 
V -2M 



9"^ = Q 



U ' 

4M2 



g-f^ = XaiQ 



U{1- Xr^y{V -2M) ' 

'iM^ai(l + Xaf) 2M 



U{1 - Ar2)2(y - 2M)(r2 + af) U {I - Xr^){r^ + af) ' 

5--^ = ,il^^;\ s^^+X^a.a,Q + ^ 

AM'^aiaj{l + Xaj){l + Xa^) 
U{1 - Ar2)2(F-2M)(r2 + a2)(r2 + a']) 



where Q and Q"^^ are defined to be 



g- 1 (33) 

^ W{l-Xr^) U (1-Ar2)2' ^""'"'^ 



Q 



-AM^Xaiaj[{l + Aa|)(r2 + of) + (1 + Aa,^)(r2 + g])] 
(1 - Ar2)2(y - 2M)(r2 + a2)(r2 + a]) 

2MXaiaj 
(1- Ar2) 



2M 



(r2 +a2)(r2 +a2) 



1 



(r2 + af 



+ 



(r2 



AM^aia.j[{l + Xaj) + (1 + Aa^)] 



(1 - Ar2)2(F - 2M)(r2 + a2)(r2 + a2) 



(3.4) 



These results were compared to previously known ones in the case of A = and showed 
agreement [20]. Also, we used the GRTensor package for Maple explicitly to check that this 
is the correct inverse metric [28]. 

Note that the functions W and U both depend explicitly on the ^iS. Unless the (r, r, ipi) 
sector can be decoupled from the ^ sector, complete separation is unlikely. If however, all 
the tti = a for some non-zero value a, then W and U are no longer /i dependent (taking 
the constraint into account) and separation seems likely. Note, however, that in this case 
we cannot deal with even dimensional spacetimes, since a„ = is different from the other 
Oj = a. The analysis in this case has been done in detail in [22]. 
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We will actually work with a much more general case, in which separation works in both 
even and odd dimensional spacetimes. We consider the situation in which the set of rotation 
parameters Oj take on at most only two distinct values a and b {a = b can be obtained as 
a special case). In even dimensions at least one of these values must be zero, since a„ = 0. 
As such in even dimensions we take b = and a to be some (possibly different) value. In 
the odd dimensional case, there are no restrictions on the values of a and b. We adopt the 
convention 

Qi = a for z = l,...,m , ajj^rn = b for j = l,...,p, (3-5) 

where ni + p = N + e = n. 

Since the /ij's are constrained by (|2.2j) . we need to use suitable independent coordinates 
instead. We use the following decomposition of the fif. 

IJ,i = Xism6 for i = l,...,m , fij^m = t^j cos 9 for j = l,...,p, (3.6) 

where the Aj and I'j have to satisfy the constraints 

m p 

i=i j=i 

Since these constraints describe unit (m — 1) and {p — 1) dimensional spheres in the A 
and spaces respectively, the natural choice is to use two sets of spherical polar coordinates. 
We write 

(m—i \ 
sin ak cos a^-i+i , 

= ^JJ sin/3fe^ cos^p-j+i , (3.8) 

with the understanding that the products are one when i = m or j = p respectively, and 
that Om = and /?p = 0. 

The /i sector metric can then be written as 

dsl = ^dd^ + sin2 ey \ W sin^ da} 

U Vfc=i / 

+!:!±^ cos^ e J2 f n dp] , (3.9) 

^ j=i \k=i J 
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again with the understanding that the products are one when i = 1 or j = 1, and we use 
the definitions 

p2 = + cos^ + 6^ sin^ , 

Ag = 1 + Xa^ cos^ 9 + Xb^ sin^ 9 , 

S„ = l + Aa^ 

= l + A6^ 

Z = r^(r2 + a2)"*-i(r2 + 62)P-i-6. (3.10) 

This diagonal metric can be easily inverted to give 
ee _ ^ 

s 1 

' (r^ + a^)sin^^(nl-\sin2a,) ^'^ " ' 

5'^^'^' = TTTW^ i,j = l,...,p. (3.11) 



For the case of two sets of rotation parameters that we consider here, the following 
expressions will be extremely useful: 

U = p^Z, 

W = (3.12) 

We note that both V and Z are functions of r only. 

The following identity, which can be easily verified, will be crucial in the following: 

S.Sfe 2M 

^ p2^Ae p2^(l-Ar2) _ ^^2)2(y _ 2M) " ^ ^ 

4 The Hamilton-Jacobi Equation and Separation 

The Hamilton-Jacobi equation in a curved background is given by 

-^ = iI=V — — (4 1) 

where S is the action associated with the particle and I is some affine parameter along the 
worldline of the particle. Note that this treatment also accommodates the case of massless 
particles, where the trajectory cannot be parameterized by proper time. 
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We can attempt a separation of coordinates as follows. Let 



m—l 



p-1 



^ lit lit — _L f-^ 

S = -mH -Et + Y. ^i^i + "^i^rn+i + Sr{r) + Se{e) + ^ 5,,(ai) + ^ • (4.2) 

i=l i=l i=l i=l 

T and ifi are cyclic coordinates, so their conjugate momenta are conserved. The conserved 
quantity associated with time translation is the energy E, and the conserved quantity 
associated with rotation in each ipi is the corresponding angular momentum <I>j or ^j. We 
also adopt the convention that ^I'p = in an even number of spacetime dimensions. 
Using (|^ . (fXTUI) . (|XTT|) . and we write the Hamilton- Jacobi equation (|I?T|) as 

2M 4M2 



+ 



+ 2 



p2Ae p2(l_^^2) p2^(l_^^2)2 ^2^(l_^^2)2(y _2M)(r2+a2) 

2Ma 



+ 2 



p2z(l- Ar2)(r2+a2) 



2MXb 



i=l 



p2A0 p^{l-\r'^) p^Z{l-\r^y p2^(i_^^2)2(y _2M)(r2+62) 



2M6 



p2z(l - Ar2)(r2 + 62) 



<i)2 



(r2 + a2)sin2^^ A2 (r2 + 62) cos2 ^ 
\ ' t=i ' j=i 

2 m—l 



M + ^ 

Zy2 p2 



d6i 



1 2 



y - 2M 
p2Z 



dSr{r) 



dr 



+ E 



p-1 



St 



^ (r2 + a2) sin nfc=i ^in Ofc 

2 



d5, 



da,- 



^ (r2 + 62) cos2 e Ylk=i sin" V df3., 



dS, 



ft 



EE 

i=i j=i 



\2 2 / ^a^b 

A a ' 



2M 



Vp2Ae p2^(l_^^2) ;,2^(l_^^2) 



4M2a2s2 



+ 



Q 



p2^(y_2M)(r2 + a2)2 p2^ 

+ EE 



i=i i=i 



a^6 



2M 



4M262E2 



Vp2Ae p^X{l-Xr^) p^Z{l-Xr'^) 

Q(i+m){j+m) 



p2z(y-2M)(r2 + 62)2 

m p 

2EE 

i=i j=i 

AM^abT.aT.b 



+ 



X^ah 



p^Z 



2M 



f Sg^b 

Vp2Ae " p2A(l - Ar2) " piZ{l - Ar2) 

Qi(i+m) 



+ 



p2z(T/-2M)(r2 + a2)(r2 + 62) ' p'^Z 



(4.3) 
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Note that here the Aj and Vj are not coordinates, but simply quantities defined by H3.8|) . 
We continue to use the convention defined for products of sin^ and sin^ (3j defined earher. 
Separate the Qj and f3j coordinates from the Hamilton-Jacobi equation via 



m 



i=l L 

p 

^\ = E 



nl=\ sin2 Qfc V dai 



1=1 



^2 



+ 



'ft 



where and are separation constants. Then the remaining terms in the Hamilton- 
Jacobi equations can be explicitly separated to give ordinary differential equations for r 
and 9: 



K 



1 2 

m r 



+ — — + 



A(l - Ar2) ^ Z(l - Ar2) ^ Z(l - Ar2)2 



H 

z 



dSr{r) 
dr 



+ 2 



+ 



aSaSf, 2MAa 

+ ^77:^ + 



(1 - Ar2) ^ Z(l - Ar2)2 ^ Z(l - Ar2)2(T/ - 2M)(r2 + a^) 
2Ma 



Z(l-Ar2)(r2 + a2) 



i=l 



+ 2 



ftS^Sb 2MA6 

+ — + 



(1 - Ar2) ^ Z(l - Ar2)2 ^ Z(l - Ar2)2(y - 2M)(r2 + 62) 
2Mb 



Z(l-Ar2)(r2 + 62) 



j=i 1=1 j=i 



SaSfe ^ 2M 



Z(F-2M)(r2 + a2)2 Z 
p p 



EE 

Q{i+m){j+m) 



SaEfc ^ 2M 



A(l - Ar2) ^ Z(l - Ar2) 



4M262S2 



Z 



A(l - Ar2) ^ Z(l - Ar2) J Z{V - 2M){r^ + 62)2 

m p 



i=i j=i 



E,Eb ^ 2M 



A(l - Ar2) ^ Z(l - Ar2) 

Qi(j+m,) 



+ 



Z(F-2M)(r2 + a2)(r2 + 62) z 



r2 + a2 



r2 + 62 



-Li 



(4.5) 



and 



m^a^ cos^ 9 + m^6^ sin^ 6* + Ae 



p 



+ Ea cot^ 6) jf + Eb tan^ 9LI 



XAg ^ Af, ' ^ Afl ' Af. ' ^ 



i=l 



1=1 



i=l j=l 



EE 

i=i j=i 



A b^a^^ yy 

1=1 j=l 



(4.6) 
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where K is a separation constant. 

In order to show complete separation of the Hamilton-Jacobi equation, we analyze the a 
and /5 sectors in 1)4. 4|) and demonstrate separation of the individual and Pj . The pattern 
here is that of a Hamiltonian of non-relativistic classical particles on the unit (m — l)-a and 
the unit (p — 1)-/? spheres, with some potential dependent on the squares of the /ij. This 
can easily be additively separated following the usual procedure, one angle at a time, and 
the pattern continues for all integers m,p> 2. 

The separation has the following inductive form for k = l,...,m — 2, and / = 1, ...,p — 2: 

\ 2 72 a2 

J h 



dak J sin^ ak cos^ ak 



J, 



aam-i J sm a^-i cos^ am-i 

dPi J ' sin^A cos2A ' 

dPp.iJ sin2/3p_i cos2/3p_r ^ 

Thus, the Hamilton-Jacobi equation in the Kerr-(Anti) de Sitter rotating black hole 
background in all dimensions with two sets of possibly unequal rotation parameters has the 
general separation 

^ m p m—1 p—1 

S = -rr?l -Et + Y, ^i^i + + ^r{r) + Se{e) + ^ 5,, (a^ + ^ 5^ (ft) , (4.8) 

i=l i=l i=l i=l 

where the a, and Pj are the spherical polar coordinates on the unit (m — 1) and unit {p — 1) 
spheres respectively. Sr{r) can be obtained by quadratures from 1)4. 5() . Sq{6) by quadratures 
from (|4.6() . and the Sai{oii) and the Sp^{Pj) again by quadratures from (|4.7() . 

5 The Equations of Motion 

5.1 Derivation of the Equations of Motion 

To derive the equations of motion, we will write the separated action S from the Hamilton- 
Jacobi equation in the following form: 

I m p „r i-e 

S = m^l - Et + Y,^^Vi + Y.'^'^^+'+ / ^/W)dr'+ / y/Q{¥)de' 
i=i i=i •' •' 

+ Ey ^jMa[)da[ + Y,j ^B,{P[)dp[, (5.1) 



i=l 
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where 



/2 (f)2 



A , - 

^m— 1 — "^m— 1 



$2 



r2 



k = l,...,p-2, 



Bp-i — Lp-i 



sin^ /3p_i cos^ /3p_i ' 



(5.2) 



is obtained from (|4.6|) as 



A. 



•1-1 ^6 

1=1 ]=i 

and i? is obtained from (|4.5() as 
1/-2M 



(5.3) 



+ 



+ 



+ 



2 2 I 



S^Sb 2M 4M2 
+ T77:^ — + 



A(l-Ar2) Z(l-Ar2) Z(l-Ar2)2_ 

4M2aE„ 



aT^a^b 2MXa 



(1-Ar2) Z(l-Ar2)2 Z{1 - Xr'^)^{V - 2M){r^ + a'^) 
2Ma 



Z(l- Ar2)(r2 + a2) 



6E„S5 2AfA6 



2Mb 



(1-Ar2) Z(l-Ar2)2 Z(l - Ar2)2(y _ 2M)(r2 + ^2) 

p mm 
j=l i=l j=l 



Z(l- Ar2)(r2 + 62) 
2M 



\2 2 I ^aEfe 

A a 



A(l-Ar2) 



Z(l-Ar2)y Z(F-2M)(r2 + a2)2 Z 
p p 

EE 



i=l j=l 

Qii+m)(j+m) 



SaEb ^ 2M 



4M262e2 



A(l-Ar2) Z(l-Ar2)y Z{V - 2M){r^ + b^)^ 

m p 



^^^.-2EE 

i=i j=i 



X^ab 



^a^b ^ 2M 



AM^abT.aT,b 



A(l-Ar2) Z(l-Ar2) 



Z(F-2M)(r2 + a2)(r2 + 62) Z 



J 

9 I 9 1 



r2 + 52 



(5.4) 
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To obtain the equations of motion, we differentiate S with respect to the parameters 
m^, K, E, jf , L|, <I>j, and set these derivatives to equal other constants of motion. How- 
ever, we can set ah these new constants of motion to zero (foUowing from freedom in choice 
of origin for the corresponding coordinates, or alternatively by changing the constants of 
integration). Following this procedure, we get the following equations of motion: 



dS _ ^_ f Zr^ dr ^ f {a^ cos^ O + b^ sin^ 



5m2 J V -2M ./R J AeVe 

dS ^ f dO f Z dr 



dK J AeVe J V-2M^' 

dS _ fda^__ f Z Sa(r^ + 6^) dr [ T^a coi^ 6 dO 



dJl J ^/M J V-2M r^ + a'^ ^ J AgVO 

0^[^=f } k = 2,...,m-2. 



dJl J J s\v?ak-i V^fe-i 

dS _ rdp^_ r Z ^b{r^ + a^) dr ^ fJ^btan^OdO 



dLl J VBI J V-2M r^ + b^ ^ J AeVO ' 



dLf J VBi J sin2/?fc_i /BjTT' 

We can obtain more equations of motion for the variables (pi by differentiating S with 
respect to the angular momenta and ^j. Another equation can also be obtained by dif- 
ferentiating S with respect to E involving the time coordinate r. However, these equations 
are not particularly illuminating, but can be written out explicitly if necessary by follow- 
ing this procedure. It is often more convenient to rewrite these in the form of first-order 
differential equations obtained from (|5.5|) by direct differentiation with respect to the affine 
parameter. We only list the most relevant ones here: 

odr V-2M r- 

2de 



(r^ + a^) dak \fM 



Sa dl sin^^nti sin^a, 

(r2 + 52) dh VBi 



dl 



cos^ 6 Yl\=\ sin^ P, 



k = 1, m — 1 , 

/ = l,...,p-l, (5.6) 



5.2 Analysis of the Radial Equation 



Worldlines of particles in these backgrounds are completely specified by the values of the 
conserved quantities E, K, Lf , Jj , and by the initial values of the coordinates. We will 
consider particle motion in the black hole exterior. Allowed regions of particle motion 
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necessarily need to have positive value for the quantity R, owing to equation H5.6|) . We 
determine some of the possibilities of the allowed motion. 

At large radius r, the dominant contribution to R, in the case of A = 0, is E'^-rn^. Thus 
we can say that for E"^ < m?, we cannot have unbounded orbits, whereas for E"^ > m^, such 
orbits are possible. For the case of nonzero A, the dominant term at large r in i? (or rather 

2 

the slowest decaying term) is Thus in the case of the Kerr-Anti-de Sitter background, 
only bound orbits are possible, whereas in the Kerr-de Sitter backgrounds, both unbounded 
and bound orbits may be possible. 

In order to study the radial motion of particles in these metrics, it is useful to cast the 
radial equation of motion into a different form. Decompose i? as a quadratic in E as follows: 

p2 



R = aE^ - 2(5E + 7 , 



(5.7) 



where 



a 



/3 



+ 



+ 



Z 



V-2M 

-Z 
V-2M 



+ 



2M 



+ 



4M2 



A(l-Ar2) Z(l-Ar2) Z(l - Ar2)2_ 



+ 



+ 



1-Ar2) Z(l-Ar2)2 Z{1 - \r'^Y{V - 2M){r'^ + a?) 



2Ma 



Z(l-Ar2)(r2 + a2) 



i=l 



V-2M 



+ 



2MXb 



+ 



(1-Ar2) Z(l-Ar2)2 Z(l - Ar2)2(y _ 2M)(r2 + 62) 



2M6 



Z(l-Ar2)(r2 + 62) 




+ 



2M 



A(l-Ar2) Z(l-Ar2) 
SaSb 2M 



4M2a2s2 



Q_ 

Z(F-2M)(r2 + a2)2 Z 



+ 



4M262S2 



A(l-Ar2) Z(l-Ar2)y Z(y - 2M)(r2 + 62)2 



AM'^abT.nT. 



i=i j=i 



X\b 



+ 



2M 



A(l-Ar2) Z(l-Ar2) 

Qi{j+m) 



Z(l^-2M)(r2 + a2)(r2 + 62) 



Z 



r2 + a? 



J.2 _j_ 



Z 



(5.8) 



V -2M 

The turning points for trajectories in the radial motion (defined by the condition i? = 0) 
are given hy E = V± where 

F, = ^±^^. (5.9) 



a 
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These functions, called the effective potentials [20], determine allowed regions of motion. 
In this form, the radial equation is much more suitable for detailed numerical analysis for 
specific values of parameters. 



5.3 Analysis of the Anguleir Equations 

Another class of interesting motions possible describes motion at a constant value of or 
Pj . These are analogous to the same class of motions analyzed in [23] . We briefly summarize 
them here. These motions are described by the simultaneous equations 

dA- 

Ai{ai = aio) = -f^{ai = aio) =0 , i = l,...,m-l, (5.10) 

in the case of constant motion, where ajo is the constant value of along this trajectory, 
or by the simultaneous equations 

Bi{Pi = Pio) = ^^{Pi = Pio) = 0, i = l,...,p-l, (5.11) 

in the case of constant Pi motion, where Pio is the constant value of Pi along this trajectory. 

These equations can be explicitly solved. In the case of constant aj motion, we get the 
relations 



sin^ ai 



Jf = J^ + 5li^, z = l,...,m-l. (5.12) 
sm^ ai cos^ ai 

Note that if Uio = 0, then = 0, and if aio = tt/2, then = 0. Similarly, in the 

case of constant Pi motion, we get the relations 



sin^ Pi cos4 p 



Ll = + i = l,...,p-l. (5.13) 

sm^ Pi cos^ Pi 

Again if Pio = 0, then L?,_^ = 0, and if Pio = 7r/2, then = 0. 

Examining in the general case, ak = can only be reached if Jk+i = 0, and ak = 7r/2 
can be only be reached if ^m-k+i = 0- The orbit will completely be in the subspace 0^ = 
only if J| = ^l^_p.^i and will completely be in the subspace ak = 7r/2 only if J| = J^^i- 
Analogous results hold for constant Pi motion. 

Again these equations are in a form suitable for numerical analysis for specific values of 
the black hole and particle parameters. 
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6 Dynamical Symmetry 

The spacetimes discussed here are stationary and "axisymmetric" ; i.e., d/dr and d/d^pi are 
KiUing vectors and have associated conserved quantities, —E, <I>j, and ^i. In general if r] is 
a Kilhng vector, then r/'^p^ is a conserved quantity, where p is the momentum. Note that 
this quantity is first order in the momenta. 

In the case of only two sets of possibly unequal rotation parameters, more Killing vec- 
tors exist since the spacetime acquires additional dynamical symmetry. We have complete 
symmetry between the various planes of rotation characterized by the same value of rota- 
tion parameter Oj = a, and we can "rotate" one into another. Similarly, we have symmetry 
between the planes of rotation characterized by the same value of the rotation parameter 
ai = b, and we can "rotate" these into one another as well. The vectors that generate these 
transformations are the required Killing vectors. The explicit construction of such Killing 
vectors is done in [22]. In this case, we get two independent sets of such Killing vectors, 
associated with the constant a and b value rotations. 

In an odd number of spacetime dimensions, if a ^ b and both are nonvanishing, then the 
rotational symmetry group is U (m) x U{p). If one of them is zero, but the other is nonzero 
(we take the nonzero one to be a), then the rotational symmetry group is U{m) x 0{2p). 
In the case when a = b ^ 0, the rotational symmetry group is U (m + p). In the case when 
a = b = 0, i.e. in the Schwarzschild metric, the rotational symmetry group is 0{2m + 2p). 
In an even number of spacetime dimensions, 6 = in the cases we have analyzed. If a 7^ 0, 
then the rotational symmetry group is U{m) x 0{2p — 1), and in the case when a = 6 = 0, 
i.e. in the Schwarzschild metric, the rotational symmetry group is 0(2m + 2p — 1). Note 
that since these metrics are stationary, the full dynamical symmetry group is the direct 
product of R and the rotational symmetry group, where R is the additive group of real 
numbers parameterizing r. 

We also obtain a non-trivial irreducible second-order Killing tensor, whose existence is 
the principal reason that permits the separation of the r — 9 equations. This Killing tensor is 
a generalization of the result obtained in the five dimensional case in [20]. This is obtained 
from the separation constant K in ()4.5|) and ()4.6|) . We choose to analyze the latter. 





) 



2 



K = — m^c? cos^ 6 — m^b^ sir? 6 



T.a cot^ ejl - Eft tan^ Oil - Ae 



+ 
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- EE^^^*.^.-2f;E^^^^^*.- (6-1) 

i=l j=l ^ i=l j=l ^ 

The Killing tensor X'^^ is obtained from this separation constant (which is quadratic in the 
canonical momenta) using the relation K = K^^p^py. Its is then easy to see that 



^ _ (^2 ^Qg2 Q ^ ^2 gi^2 f^SlfS^ - S„ cot^ ej^" - tan^ 0Lf - AgS^S^ 



i=l j=l 

j=l j=l " i=l j=l " 

Tfl p 2 

- (6-2) 

where J^" and L^*^ are the reducible Killing tensors associated with the a and /? separation. 

The existence of these additional Killing vectors and the nontrivial irreducible Killing 
tensor, is the principal reason behind the complete separation of the Hamilton-Jacobi equa- 
tion. The nontrivial Killing tensor, in particular, exists due to the detailed structure of the 
metrics under consideration and is a surprising result. 



7 The Scalar Field Equation 

Consider a scalar field ^' in a gravitational background with the action 

Sm = -\j dPx^{{V^f + am^ + m^*^) , (7.1) 

where we have included a curvature dependent coupling. However, in the Kerr-(Anti) de 
Sitter background, i? = A is constant. As a result we can trade off the curvature coupling 
for a different mass term. So it is sufficient to study the massive Klein-Gordon equation in 
this background. We will simply set a = in the following. Variation of the action leads 
to the Klein-Gordon equation 

-^di^{^f^9^''dv^) = "^^^ • (7.2) 

As discussed by Carter [26], the assumption of separability of the Klein-Gordon equation 
usually implies separability of the Hamilton-Jacobi equation. Conversely, if the Hamilton- 
Jacobi equation does not separate, the Klein-Gordon equation seems unlikely to separate. 
We can also see this explicitly (as in the case of the Hamilton-Jacobi equation), since the 
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(r, r, ) sector has coefficients in the equations that exphcitly depend on the //j except 
when of all Oj = a, in which case separation seems likely. We will again consider the much 
more general case of two sets of possibly unequal sets of rotation parameters a and h. We 
continue using the same numbering conventions for the variables. 

Once again, we impose the constraint 1)2. 2|) and decompose the /ij in two sets of spherical 
polar coordinates as in 1)3. 6|) and H3.8|) . We calculate the determinant of the metric to be 



9 



a b 



.sm^"^-2ecos^P-2-2^ 



m—l 



■p-i 

n 

.k=l 



sm 



4p-4fe-2 



cos-2' (3i 



(7.3) 



For convenience we write g 

R 
T 

A 
B 



EM^. where 



^2(^2^^2)2m-2(^2^j2)2p-2-. 

sin^'^-^ecos^f-^-^^^, 



sin"^"* 4j 2 ^, pQg2 ^, ^ 



m—l 

n 

i=i 
p-i 

W sin4p-4fe-2 fj^ cos2 13k cos-2^ /3i 
k=l 



(7.4) 



Note that i? and T are functions of r and ^ only, and A and i? only depend on the set of 
variables ai and (3j respectively. Then the Klein-Gordon equation in this background ()7.2() 
becomes 



1 



a. vi? 



F - 2M 



(r2+a2)sin2^^ A2 



m ^ 



+ 



+ 



+ 



(r2 + 62) cos2 6' ^ 1/2 '^"+™ p2^ V 



(r2 


+ 62)cos2 6' 






(r2 


+ a2) sin2 6 







m—l 



+ 

+ 2 



r2 + 62) gQg2 ^ 



4=1 



■p-i 



iVB Vnfc=ism2/3fc ^ 



2M 4M2 



p2Ae p2(l_^^2) p2^(l_^^2)2 p2^(l_^^2)2(y_2M)(r2 + a2) 

2Ma 



p2z(l-Ar2)(r2 + a2) 



i=l 
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+ 2 



bJ^a^b bT,aT.b 2MXb AM^T^b 

~~iP^ ~ _ Ar2) " p2^(l - Ar2)2 " p2^(i _ Ar2)2(\/ - 2M)(r2 + 62) 



2M6 



p2Z(l-Ar2)(r2 + 62) 



+ EE 



E„E;, 



2M 



Vp2A0 p2^(i_^^2) p^Z{\-\r'^) 



+ 



4M2a2E2 



p2z(y-2M)(r2 + a 



2\2 



+ 



+ EE 

+ 



A262 



p2Z 



2M 



EgEfe 

p2Ae ~ p2A(i _ Ar2) ~ p2^(i _ Ar-2) 



4M252s2 



p2Z(y-2M)(r2 + 62)2 

m p 
i=l 3=1 



+ 



X^ab 



Q{i+m)(j+m) 



'Pi-\-m^j-\-m 



2M 



EgEfc 

p2A(l - Ar2) ~ p2^(i _ Ar2) 



+ 



4M2a6SgSb 



+ 



d * 



/92Z(F-2M)(r2 + a2)(r2 + 62) p2_^ 
We attempt the usual multiplicative separation for * in the following form: 



^m—l 



fp-l 



(7.5) 



(7.6) 



, i=l 



\i=l 



where we again adopt the convention that ^'p = in the case of even dimensional spacetimes. 
The Klein-Gordon equation then completely separates. The r and equations are given 

as 



K = 



1 



-r ' 

m m 



+ EE 

i=i j=i 
p p 

+ EE 

1=1 j=i 



Z dr 
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2M 
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4M2 
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_A(1-Ar2) Z(l-Ar2) Z(l - Ar2)2 



2M 



4M2a2s2 



A(l-Ar2) Z(l-Ar2)y Z(y - 2M)(r2 + a2)2 Z 



A25' 



2 ( EgEfe 
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2M 



VA(1-Ar2) Z(l-Ar2) 



4M262s2 



Q{i+m)(j+m) 



Z(F-2M)(r2 + 62)2 
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+ ^EE 

i=i j=i 



yab 
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2M 



A(l-Ar2) Z(l-Ar2) 



Z{V - 2M)(r2 + a2)(r2 + 62) 



+ 



2M\a 



(1 - Ar2) ' Z(l-Ar2)2 ' Z{1 - XrY{V - 2M){r^ + a- 
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+ 



2Ma 



Z(l- Ar2)(r2 + a2)J 



+ T7r. + 



_(l^Ar2) Z(l-Ar2)2 Z{1 - Xr^)^{V - 2M){r^ + b'^) 

2Mb ] ^ r^ + b^ A- a2 

^ Z(l-Ar2)(r2 + 62)J^ ^' ^V2 + ,2Z^^i*« 



r2 + a2 — 



r2 + 62 



2 2 2 

j — m r , 



(7.7) 



and 



1 d / 



d^g\ SaSft 2 2/ 2 2 /i , r 2 ■ 2 /in 

E — m [a COS 8 + b sm B) 



+ cot2 ^ + Ml tan2 - 2Aa2^ ^ ^ - 2A52^ ^ ^ 



(7.8) 



j=V - i=l j=l 

where K, Ki and Mi arc separation constants. Ki and Mi encode all the a and /3 depen- 
dence respectively and are defined explicitly as follows: 

k-l 



^1 = E^^ + T^ 



i=l 



n-=!sin2a,- 



= 1, m — 1 , 



where 



A, = 



1 d_ ( 

$Q,. COS ai sin2"*-2i-i ^. gi^2 ^q,. y 



■ 2m-2i-l d^ai 

cos ctj sm Qjj — — - 

dai 



$2 



COs2 Q!j n}=l '^Ij 



and 



(7.9) 



(7.10) 



and where 



^1 = + 



i=l 



cos A sin2f-2i-i ^. sin2 

*2 . , 



= l,:;P- 1, 



cosAsin2f-2-iA^ 



cos2An5-lsin2/3,- 



Then we inductively have the complete separation of the Qj dependence as 



= 2 ^ H ~ 

sm cos^ afc ^>cj cos sm 



d 



2m-2k-\ 



Oik dOLk \ 



I cos afe sin ■ 



dak 



(7.11) 



(7.12) 



(7.13) 
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where k = l,...,m — 1, and we use the convention Km = — Similarly, the complete 
separation of the Pi dependence is given inductively by 

Mk = — ^— ^^YIT + o ■ 2v-2k-i o 'JT cos/?fcsm/?fc— — , 7.14) 

sm^/?fc cos^/3fc ^>/3j^ cos/?fcsm^P ^'^ ^ Pkdpk \ d(3k J 

where fc = l,...,p — 1, and we use the convention Mp = These results agree with the 

previously known analysis in five dimensions [21]. 

At this point we have complete separation of the Klein-Gordon equation in the Kerr- 
(Anti) de Sitter black hole background in all dimensions with two sets of possibly unequal 
rotation parameters in the form given by (|7.6|) with the individual separation functions given 
by the ordinary differential equations above. Note that the separation of the Klein-Gordon 
equation in this geometry is again due to the existence of the non-trivial Killing tensor. 



Conclusions 

We studied the integrability properties of the Hamilton-Jacobi and the massive Klein- 
Gordon equations in the Kerr-(Anti) de Sitter black hole backgrounds in all dimensions. 
Complete separation of both equations in Boyer-Lindquist coordinates is possible for the 
case of two possibly unequal sets of rotation parameters. We discuss the Killing vectors 
and reducible Killing tensors that exist in the spacetime and also construct the nontrivial 
irreducible Killing tensor which explicitly permits complete separation. Thus we demon- 
strate the separability of the Hamilton-Jacobi and the Klein-Gordon equations as a direct 
consequence of the enhancement of symmetry. We also derive first-order equations of mo- 
tion for classical particles in these backgrounds, and analyze the properties of some special 
trajectories. 

Further work in this direction could include the study of higher-spin field equations in 
these backgrounds, which is of great interest, particularly in the context of string theory. 
Explicit numerical study of the equations of motion for specific values of the black hole 
parameters could lead to interesting results. The first order equations of motion presented 
here can also readily be used in the detailed study of black hole singularity structure in an 
AdS background geodesic probes and the AdS/CFT correspondence. 



References 

[1] N. Arkani-Ahmed, S Dimopoulos and G. Dvali, The Hierarchy Problem and new di- 
mensions at a millimeter, Phys.Lett. B429 (1998) 263-272, .hep-ph/9803315l 



21 



[2] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali New dimensions at a 
millimeter to a Fermi and superstrings at a TeV, Phys.Lett. B436 (1998) 257-263, 
|hep-ph/9804398, 

[3] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, 
Phys.Rev.Lett. 83 (1999) 3370-3373, |hep-ph/9905221[ 

[4] M. Cavaglia Black hole and brane production in TeV gravity: A review, Int.J.Mod.Phys. 



A18 (2003) 1843-1882, |hei>ph/0210296, 

[5] P. Kanti, Black holes in theories with large extra dimensions: a review, |hep-p h/0402"T68^ 

[6] G. Dvali and A. Vilenkin, Solitonic D-hranes and brane annihilation, Phys.Rev. D67 
(2003) 046002, |hep-th/02092T7l 

[7] M. Cvetic and A. A. Tseytlin, Solitonic strings and BPS saturated dyonic black holes, 
Phys.Rev. D53 (1996) 5619-5633, liep-th/951203l| 



[8] R.P. Kerr, Gravitational field of a spinning mass as an example of algebraically special 
metrics, Phys. Rev. Lett. 11, (1963) 237. 

[9] R.C. Myers and M.J. Perry, Black holes in higher dimensional space-times, Ann. Phys. 
172, (1986) 304. 

[10] J. Maldacena The large N limit of superconformal field theories and supergravity, 
Adv.Theor.Math.Phys. 2 (1998) 231-252; Int.J.Theor.Phys. 38 (1999) 1113-1133, 



|hep-th/9711200 



[11] E. Witten Anti de Sitter space And holography, Adv.Theor.Math.Phys. 2 (1998) 253-29, 
|hep-th/9802150 



[12] G.W. Gibbons, H. Lii, D.N. Page and C.N. Pope, The general Kerr-de Sitter metrics 
in all dimensions, J. Geom. Phys. 53 (2005) 49-73, |hep-th/ 0404008| 

[13] G.W. Gibbons, H. Lii, D.N. Page and C.N. Pope, Rotating black holes in higher 
dimensions with a cosmological constant, Phys. Rev. Lett. 93:171102 (2004) 49-73, 
|hep-th /0409155, 

[14] L. Fidkowski, V. Hubeny, M. Kleban and S. Shenker , The black hole singularity in 
AdS/CFT, JHEP 0402 (2004) 014, |hep-th/0306170l 



22 



[15] D. Brecher, J. He and M. Razali, On charged black holes in anti-de Sitter space, JHEP 



0504 (2005) 004, lhep-th/0410214 



[16] N. Cruz, M. Olivares, J. Villanueva, The geodesic structure of the Schwarzchild anti-de 
Sitter black hole, Class. Quant. Grav 22 (2005) 1167-1190, rgr-qc/0408016| 

[17] J. Kaplan, Extracting data from behind horizons with the AdS/CFT correspondence, 
|hep^h/0402 066, 

[18] V. Hubeny, Black hole singularity in AdS/CFT, |hep-th/040 11381 

[19] V. Balasubramanian and T.S. Levi, Beyond the veil: inner horizon instability and 



holography, Phys. Rev. D70 (2004) 106005, p^ep^h/0405048, 

[20] V. Frolov and D. Stojkovic, Particle and light motion in a space-time of a five- 
dimensional rotating black hole, Phys.Rev. D68 (2003) 064011, |gr-qc/0301016| 

[21] V. Frolov and D. Stojkovic, Quantum radiation from a 5-dimensional rotating black 
hole, Phys. Rev. D67 (2003) 084004, | gr-qc/0211055| 

[22] M. Vasudevan, K. Stevens and D.N. Page, Particle motion and scalar field propogation 
in Myers-Perry black hole spacetimes in all dimensions. Class. Quantum Grav. 22 
(2005) 339352, gr-qc/0405125| 

[23] M. Vasudevan, K. Stevens and D.N. Page, Separability of the Hamilton- J acobi and 
Klein-Gordon equations in Kerr-de Sitter metrics. Class. Quantum Grav. 22 (2005) 
14691482, |gr-qc/0407030t 

[24] M. Vasudevan, Integrability of some charged rotating supergravity black hole solutions 
in four and five dimensions, _gr-qc/0507092| 

[25] H.K. Kunduri and J. Lucietti, Integrability and the Kerr-(a)dS black hole in five di- 
mensions, Phys. Rev. D71 (2005) 104021, |hep-th/0502124| 

[26] B. Carter, Hamilton- J acobi and Schrodinger separable solutions of Einstein's equations, 
Commun. Math. Phys. 10 (1968) 280. 

[27] R.P. Kerr and A. Schild, Some algebraically degenerate solutions of Einstein's gravita- 
tional field equations, Proc. Symp. Appl. Math. 17 (1965) 199. 



[28] Maple 6 for Linux, Maplesoft Inc., Waterloo Ontario, http:/ /www. maplesoft.com 



23 



